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Abstract
We apply the fidelity approach to study the topological superconductivity
in a spin-orbit coupled nanowire system. The wire is modeled as a one
layer lattice chain with Zeeman energy and spin-orbit coupling, which is in
proximity to a multi layer superconductor. In particular, we study the effects
of disorders and find that the fidelity susceptibility show multiple peaks. It
is revealed that the major peak indicates the topological quantum phase
transition, while other peaks signal the pining of the Majorana bound states
by disorders.
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1. Introduction
Topological superconductors (TS) which host Majorana bound states
(MBS) are under intensive study recently[1, 2, 3, 4]. Superior to many other
topological systems, MBSs are very useful non-Abelian quasiparticles. Spa-
tially separated MBSs can build nonlocal topological qubits which is robust
to environmental noises. More importantly, the braiding of these MBSs can
rotate the topological qubits, acting effectively as a quantum gate[3, 4, 5].
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With these features, the TSs may constitute as an important building block
for fault tolerant quantum computation[4, 6, 7].
TSs were originally introduced in spinless models[1, 2], which were thought
unrealistic. Recently, it is realized that strong spin-orbit coupling in semi-
conductors may eliminate spin degree of freedom, making spinless super-
conductivity experimentally achievable[8]. After that, numerous proposals
have appeared for realizing topological superconductivity in spin-orbit cou-
pled systems by proximity to conventional s-wave superconductors, such as
boundary of topological insulators[8], spin-orbit coupled nanowires with Zee-
man energy[9, 10, 11, 12, 13, 14], carbon nanotubes[15], and ferromagnetic
nanowires[16]. Among them, the one dimensional nanowire systems are es-
pecially attractive due to recent experimental progresses[17, 18, 19, 20, 21,
22, 23, 24].
In one dimensional systems, it is understood that the effect of disorders
might be significant. Disorders can modulate the differential conductance at
the end of the wire, strongly influencing the signals from the Majorana bound
states[25]. For multiple band system, disorders will mix the subbands and
enhance the zero conductance peak from the MBSs[26]. Meanwhile, disorders
also have impacts on the topological quantum phase transition (TQPT)[27].
Actually, with a combination of electron interaction, disorders may totally
destroy the TQPT[28]. Considering the fact that the experimental results
in recent nanowire systems are significantly different from the predictions in
clean limit, more study on the disorder effect is important for the under-
standing of the topological superconductivity in realistic systems.
For studying the properties of TSs, one elementary method is the fi-
delity approach, which is a measure of difference between two ground state
wave functions[29]. When the system undergoes a dramatic change, the fi-
delity should present a peak on its susceptibility, making it an ideal marker
for studying the ground state properties[30]. Fidelity approach is a general
method to depict all types of QPTs, while it is especially suitable for treating
TQPT where the local order parameters are missing. Application of fidelity
approach in several models with TQPTs has obtained satisfactory results[29].
Fidelity approach has also been used to study the toy model of Kitaev wire
with disorders. It was shown that the peak in fidelity susceptibility is able
to mark the TQPT in the toy model[31]. With these results, it is natural to
introduce fidelity approach to study the realistic nanowire system.
In this work, we study the fidelity susceptibility in one dimensional sys-
tems with spin-orbit coupling, Zeeman energy, and proximity induced su-
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perconducting gap. We numerically solve the Bogoliubov-de Gennes (BdG)
equations to obtain the ground state wave functions of the system and calcu-
late the fidelity susceptibility. In the clean limit, we find that one single peak
appears at the TQPT point predicted by previous analytic result, which ver-
ifies the ability of fidelity approach to mark the TQPT. More interestingly,
we find much richer phenomenon in disordered systems. Multiple peaks in
fidelity susceptibility appear for disordered systems, showing that fidelity
approach may signal more information other than TQPT. In order to under-
stand these peaks better, we calculate the zero energy local density of states
(LDOS) on the wire. Comparing the results, we find that one of the peaks in
fidelity susceptibility signals the TQPT, where the zero energy MBSs emerge;
other peaks signal the movement of the MBS from the end to the inner part
of the wire, which is a pining effect of the disorder. We explore different
types of disorders and more realistic systems with substrates, and find that
this disorder pining effect is quite universal in all systems.
This paper is organized as follows: the fidelity approach we used to study
the system is presented in section 2; the results for the clean and disordered
one dimensional systems are shown in section 3. In section 4 we discuss a
more realistic model by considering the effect of the substrate.
2. Fidelity approach
Recent experiments report the discovery of zero-bias peaks in a spin-orbit
coupled nanowire in proximity to conventional s-wave superconductivity[17],
making it a promising candidate for topological superconductor. We use a
tight-binding model to describe the system,
H =
∑
〈r,r′〉σ
tr,r′c
†
rσcr′σ − µ
∑
rσ
c†
rσcrσ +
α
2
∑
rδσσ′
c
†
r+δ,σ(iτy)σσ′crσ′ (1)
+
∑
rσσ′
c†
rσ[Vxτx + Vyτy]σσ′crσ′ +∆
∑
r
c
†
r↑c
†
r↓ +
∑
rσ
Vdis(r)c
†
rσcrσ + h.c.
where r is a two dimensional vector indicating the sites on a W × L lattice
withW the layer width and L the length, σ is the electron spin, τx,y are pauli
matrices, δ is the unit vector in the x or y direction, t is the hopping integral,
µ is the chemical potential, α is the spin-orbit coupling strength, Vx,y are the
Zeeman energy from the magnetic field in x and y directions respectively,
∆ is the s-wave pairing amplitude from proximity effect, and Vdis(r) is the
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strength distribution function of the disorders. This Hamiltonian includes
all important ingredients for topological superconductivity.
Numerically solving the BdG equations associated with Eq. (1), we can
diagonalize the Hamiltonian to obtain the eigenenergies En and eigenstates
φn(r) = (u↑,n,r, u↓,n,r, v↑,n,r, v↓,n,r), where n denotes the quantum number of
the energy levels. The ground state wave function can be obtained through
a combination of wave functions of all negative energy quasi-particle states,
which is in a Slater determinant form[31],
|Φ(r1, · · · , rN)〉 = 1√
n!
∣∣∣∣∣∣∣
φ1(r1) · · · φ1(rN)
...
. . .
...
φn(r1) · · · φn(rN)
∣∣∣∣∣∣∣
, (2)
where N denotes the number of quasi-particle states with negative energy.
The fidelity approach has been used to identify the TQPT in many sys-
tems, and proven to be useful in studying the TQPT point. In previous
research, fidelity susceptibility has also been introduced to study the Ki-
taev Hamiltonian, which is a toy model for topological superconductivity. It
was shown that fidelity susceptibility is able to signal the TQPT point even
under the presence of disorders. Now we want to expand this approach to
study the realistic model. In the fidelity approach, we are interested in the
sudden changes of the ground states, thus a driving parameter is needed.
For current systems, we adopt the Zeeman energy Vx, which is convenient
since it directly relates to the splitting of the spin degree of freedom. When
the Zeeman energy is modulated, we define fidelity as the likeness of the
ground-states,
F = 〈Φ(Vx)|Φ(Vx + δVx)〉, (3)
where δVx is a small variation of the Zeeman energy which is hand adopted.
It is obvious that the fidelity is strongly influenced by this choice of step
length. A better method for signaling ground state change would be the
fidelity susceptibility, which is the differentiation of the fidelity[31],
χF = 2 lim
δVx→0
1− |〈Φ(Vx)|Φ(Vx + δVx)〉|2
δV 2x
. (4)
With these expressions, the fidelity susceptibility is readily obtained once the
BdG equations are solved numerically.
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Figure 1: Three important physical properties associated with topological phase transition
in the nanowire, with driving field Vx: the energy spectrum (upper panel), the fidelity
susceptibility (middle panel), the zero energy LDOS (lower panel, where the brighter zone
indicates the higher LDOS). The parameters for the numerical calculation are ti,j = −11
when |i− j| = 1, ti,j = 22 when i = j, µ = 0.2, α = 1.34, Vy = 0 and ∆ = 0.5.
3. Results for one dimensional system
Now we apply the fidelity approach to study the realistic model described
by Eq. (1). As a bench mark test, it would be helpful to start our calculations
from the clean system. For this simple model, analytic results have been
obtained. It has been shown that energy gap of the system would close at
Vx =
√
µ2 +∆2. Since the topology of the system is protected by the energy
gap, this particular point would be the phase transition point if the TQPT
exists. On the other hand, it has been shown that the MBSs appear at one
side of the point, and disappears on the other side. It is natural to conclude
that a TQPT happens with the appearance of the MBS as a signature of the
topological nontrivial phase.
In this section, we concentrate on the one dimensional system. We numer-
ically solve the BdG equations for the single layer caseW = 1 in Hamiltonian
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Figure 2: Same as in Fig. 1 for disordered system, with the disorder parameter ǫ = 4.
Eq. (1) without disorders, where the length is chosen to be L = 300. We ob-
tain the fidelity susceptibility as shown in the middle panel of Fig. 1. We find
that one single peak appears which should indicate the expected TQPT point
predicted by the analytic results. We check the position of the peak, finding
it to be around Vx ≈ 0.538, which agrees well with the analytic results. As
a comparison, we also demonstrate the energy spectrum and the zero energy
LDOS from the numerical calculations in the upper and lower panels of Fig.
1, respectively. We realize that the energy gap extracted from the energy
spectrum closes exactly at the same position, while the zero energy bound
states at the end of the wire also appears at that point. These consistent
numerical results from fidelity susceptibility, energy spectrums, and LDOS
verify the story from the analytic arguments, that is, a TQPT should happen
before the MBSs appear at the end of the wire. Our numerical results prove
that the fidelity approach is useful for studying the MBSs in this realistic
model.
A more interesting problem in the current topological systems is the in-
fluence of disorders. Since disorders are inevitable in realistic experimental
6
devices, any topological arguments would be meaningless if it cannot sur-
vive moderate disorders. For current one dimensional nanowire system, the
problem is more important since we know that the impact of disorders gets
stronger for lower dimension. Previous researches have shown that disorders
may variate the coupling between end MBS, and may also produce zero-bias
conductance peak at the trivial phase of topological superconductors. These
results suggest that disorder may significatively change the picture of topo-
logical superconductivity. Other researches, however, shows that disorders
do not qualitatively influence the TQPT or MBSs. To clarify the problem, we
apply the fidelity approach to investigate the realistic model with disorders.
We solve the Hamiltonian Eq. (1) with the disorder distribution function
Vdis(r). We consider randomly distributed on-site disorder, with strength
chosen independently for different sites. For each disordered site, Vdis varies
according to a Gaussian distribution function, f(V, 0, ǫ) = 1
ǫ
√
2π
e−
V
2
2ǫ2 . We
solve the BdG equations for 10% disordered sites, and show the results of
the fidelity susceptibility in the middle panel of Fig. 2. Intriguingly, we
find that there are multiple peaks in fidelity susceptibility for the disordered
systems, as compared to the single peak in the clean system. Obviously, not
all of these peaks signify the TQPT. A better understanding of these peaks
is demanded, since the ground state wave function must have dramatically
changed at these points. For this purpose, we present the energy spectrums
in the upper panel of Fig. 2 as comparison. We find that, as Vx increases
from zero, the energy gap of the system gradually shrinks and finally closes
at the point coincide with the first peaks in fidelity susceptibility. With this
observation, we can claim that the first peak in fidelity susceptibility really
signals the TQPT. However, after the TQPT, the energy spectrum becomes
obscured by the excited states from disorders, and little information can be
obtained for the other peaks.
For further understanding, we calculate the zero energy LDOS of the
system as shown in the lower panel of Fig. 2. We find that zero energy LDOS
appears after the first fidelity susceptibility peak, providing consistent results
for its identification of TQPT. More interestingly, we find that the location of
the zero energy states changes after the second peak in fidelity susceptibility,
it moves from the end of wire to the inner part of the wire. Since these
zero energy states are expected as MBSs, this process actually describes
the pinning of the MBSs by disorders. For the third and fourth peak in the
fidelity susceptibility, we find the similar phenomena. That is, the position of
7
the MBSs extracted from LDOS changes dramatically at the peak positions.
From this strong correlation, it is natural to claim that the peaks in the
fidelity susceptibility not only signal the TQPT, but also describe the pinning
of the MBSs by disorders. Our results reveal that the fidelity approach is a
powerful method to investigate the topological superconductors. The peaks
in Fidelity susceptibility can provide the information for both the TQPT and
the behavior of MBSs.
4. Results with Substrate
The possible topological superconducting systems investigated in recent
experiments are mostly hybrid systems, with a spin-orbit coupled nanowire
placed upon a conventional s-wave superconducting substrate. It has been
shown that the substrate may significantly influence the MBSs on the wire.
Meanwhile, it is also important to notice that even for clean system without
doping impurities on either the wire or the substrate, the inhomogeneous
contact between them will inevitably introduce some disorders in electron
hoping integral. In order to study this type of disorder, we consider a specific
Hamiltonian with the wire modeled by a single layer chain with spin-orbit
coupling and the substrate modeled by multi-layers with conventional s-wave
superconductivity,
H =
∑
〈i,j〉,σ
t1,i,jc
†
iσcjσ − µ
∑
i,σ
c
†
iσciσ +
α
2
∑
i,σσ′
c
†
i+1σ(iτy)σσ′ciσ′
+
∑
i,σ
c
†
iσ[Vxτx + Vyτy]σσ′ciσ′ +
∑
〈l,m〉,σ
t2,l,ma
†
lσamσ − µ
∑
l,σ
a
†
lσalσ
+∆
∑
l
a
†
l↑a
†
l↓ + t12
∑
〈i,l〉σ
a
†
iσciσ + h.c, (5)
where c† and a† is the electron creation operator of the one layer wire and
multi-layer substrate respectively, t1,2 are the hoping integrals.
Without disorders, the Hamiltonian Eq. (5) should lead to similar results
as in the one dimensional model. In Fig. 3, we show the results for the single
layer nanowire in contact with two layers of superconducting substrate. We
find that the energy spectrum and fidelity susceptibility indeed resembles the
result of previous one dimensional model, with the energy gap closing and
the single peak in fidelity susceptibility indicate the TQPT. As for the zero
energy LDOS, We notice that the wave functions of the MBSs are broader,
8
−0.5
0
0.5
En
er
gy
 S
pe
ct
ru
m
0
3000
6000
9000
Fi
de
lity
 S
us
ce
pt
ib
ilit
y
Lo
ca
l D
en
si
ty
 o
f S
ta
te
V
x
0.5 1 1.5
0
50
100
150
200
250
Figure 3: Same as for Fig. 1 with two more layers of substrate. The parameter in numerical
calculations are t2,l,m = −6 when |l −m| = 1, t2,l,m = 12 when l = m, t12 = 4, and other
parameters the same as in Fig. 1.
comparing with the results obtained in the one dimensional model. Moreover,
our numerical results are in accord with the theoretical prediction that the
substrate results in larger interaction between end MBSs[32].
The disorders in the system may come from two origins, the impurity
disorder due to the doping of ions and vacancies, and the coupling disorder
from the inhomogeneous contact between the wire and the substrate. While
the former type of disorder is largely reduced by the material growing tech-
nology, the latter type is inevitable in realistic systems. We show the results
with 10% of Gaussian type disorders on t12 in Fig. 4, and find that the MBS
pining effect also appears, as clearly marked in the fidelity susceptibility and
the local density of states. We also calculated the results with on-site disor-
ders on substrate, and find very similar results of the MBS pining. That is,
multiple peaks in fidelity susceptibility appear, with one of them indicating
the TQPT and others describing the MBS pining. Our calculations with a
combination of fidelity susceptibility and local density of states show that
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Figure 4: Same as in Fig. 3 for disordered system, with the disorder parameter ǫ = 4.
the MBS pining is a general phenomenon for different models and disorders.
5. Conclusion
In summary, we study the effects of disorders in topological superconduc-
tors within the fidelity approach. We adopted the realistic models with the
spin-orbit coupled nanowire in proximity to a conventional superconducting
substrate, and showed that a peak in fidelity susceptibility signals the topo-
logical quantum phase transition in the pure system. With the introduction
of moderate disorders, we noticed that the location of the Majorana bound
states can shift to the inner part of the wire from the ends of the wire, which
is a pining effect of disorder. We systematically studied the different models
and disorders, and found that the pining effect is a general behavior in disor-
dered topological superconductors, which can be measured by experiments.
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